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Abstract. Using symmetric algebras we simplify (and slightly strengthen) 
the Bruns-Eisenbud-Evans "generalized principal ideal theorem" on the height 
of order ideals of non minimal generators in a module. We also obtain a simple 
proof and an extension of a result by Kwieciriski, which estimates the height of 
certain Fitting ideals of modules having an equidimcnsional symmetric algebra. 



1. Introduction 

The "generalized principal ideal theorem" of Bruns, Eisenbud, and Evans says, 
roughly, that if N is a module over a Noetherian local ring (i?, m), and x is an 
element in mJV, then the "order ideal" 

N*(x) = {(p{x) | <p 6 Hom(N, R)} 

has height bounded by the rank of N. (The usual principal ideal theorem, that the 
height of a proper ideal generated by n elements is at most n, is the case where N is 
free of rank n.) The original form of the result was proved for rings containing a field 
by Eisenbud- Evans ([2]) and in general by Bruns ([1]). We reduce the statement to 
the classical principal ideal theorem, applied in the symmetric algebra of a closely 
related module. In this way we obtain a simple proof of a stronger version. 

Our proof also yields a new result on the possible height of the ideal generated by 
the entries of a row of a matrix whose cokernel M has an equidimcnsional symmetric 
algebra. As a consequence we deduce a result of Kwiecihski ([8]) which gives a 
bound for a Fitting ideal Fittj(M) if ^Fittj(M) ^ yjY\tt j+1 (M) (Kwiecihski's 
original proof requires the ring to be a regular affine domain of characteristic 0). 
We also come up with a correction term that allows us to drop the hypothesis on 
radicals. 

For further results in the spirit of this paper, see Johnson ([7]). 
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One of the drawbacks of the generalized principal ideal theorem stated here is 
the requirement that x G mN . In a subsequent paper ([4]) we will show that this 
requirement can often be removed or weakened. 

We recall that the applications of the generalized principal ideal theorem include 
two useful statements on the determinantal ideal It{<f) oftxt minors of an n x m 
matrix ip that generalize the well-known height formulas due to Macaulay and 
Eagon-Northcott : 

a) If R is local, It{<p) = and <p' is the n x (m + 1) matrix derived from ip 
by adding one column with entries in the maximal ideal, then ht It(<p') < 
n — t + 1 (Eisenbud-Evans, [2]). 

b) If I t +i(ip) = then ht J t (p) <m + n-2t + l (Bruns, [1]). 
See the original papers for variations and consequences. 

In another paper ([5]) we will exploit symmetric and Rees algebra techniques 
further to give new bounds for the height of determinantal ideals under additional 
assumptions such as the ring being regular, or the cokernel of the matrix being 
torsion free. 

For general notions in commutative algebra, see [3] . A good reference for prop- 
erties of the symmetric algebra is [10]. 

We started thinking about generalized principal ideal theorems again because of 
Kwiecihski's interesting paper [8], and we would like to thank him for sharing it 
with us. 

2. Symmetric Algebras and Order Ideals 

Lemma 2.1. Let R be a Noetherian ring and let M be a finitely generated R- 
module, with free presentation 

F 1 F a — ► M — ► 0. 

Let {Ti, . . . , T n } be a basis of F . Let b : F — ► R be any map. If P C R is a 
prime ideal containing ima,ge(bip), the "generalized row ideal of ip corresponding to 
b, " then 

dim i?p/image(6(/3) > dim Sym(M)(p {T;-b(T;)}) ~ n - 
Proof. The equality 

i? P /(image(M) = Sym(M) (Pi { t 1 - &( t s) })/({^ - K T i)}) 
shows that the n-generator ideal ({Ti — 6(Tj)}) is proper. The dimension estimate 
follows since the ring Sym(M)(p i {Ti-b(Ti)}) 1S local (see [3, Corollary 10.9]). ■ 
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For an i?-module M and a prime P C R we write fip(M) for the minimal number 
of generators of the Rp -module Mp. If (R, m) is local we set n{M) = fi m (M). 

Here is the promised strengthening of the generalized principal ideal theorem of 
Bruns, Eisenbud, and Evans ([1, Theorem 1]): 

Theorem 2.2. Let (R,m) be a Noetherian local ring and let N be a finitely gen- 
erated R-module. If x G mN , then AmiR/N*{x) > dimR/Q — /iq(N) for every 
minimal prime Q of R; thus for every such Q, 

ht N* (x) < dim R - dim R/Q + n Q ( N ) . 

Note that if R is a domain then the right hand side of the inequality is the rank 
of N. The improvement over the original versions is in the treatment of the rank 
in the general case. For the proof we need: 

Lemma 2.3. Let R be a Noetherian local ring, let N an R-module, and let n : 
F — ► N be a surjection from a finitely generated free module. If M = coker(7r*), 
then 

v(F)<n(M) + n(N). 

Proof of Lemma 2.3. The kernel of it contains a free summand G of F with 
rank fj,(F) - fi(N). The projection map F* — ► G* factors through M, so pt{M) > 
MG*) = n(F) - fJ,(N). m 

Proof of Theorem 2.2. Let 

F N -> 

be a surjection from a free module F of rank n = fi(N) onto N, and let M — 
coker(7r*). Let b £ mF be an element mapping onto x; we regard & as a map from 
F* to R. Choose a free presentation of M of the form 

F 1 ^F* — > M 0. 

The order ideal of x is given by N*(x) = image(6<p), so we may apply Lemma 2.1. 
Since all &(Tj) G m we get 

dimi?/iV*(x) > dimSym(M) (m , {Ti}) - n. 

As Sym(M) is graded we may use the dimension formula of Huneke and Rossi ([6, 
Theorem 2.6], [10, Theorem 1.2.1]) to obtain 

dimSym(M)( TOi { T .}) = dimSym(M) = max{dim R/Q + Hq(M) \ Q £ Spec(i?)}. 
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By Lemma 1.3, /j,q(M) > n — /j,q(N). Combining these formulas, we conclude that 
dim R/N*(x) > dim R/Q — hq(N) for all primes Q, and hence in particular for all 
minimal primes, as required for the first statement. The second statement follows 
at once. ■ 

3. Heights of Determinantal Ideals 

The formulas for the heights of determinantal ideals that follow from Theo- 
rem 2.2 are often sharp. But under an additional hypothesis on M, Kwiecihski ([8, 
Theorem 1]) gave a remarkable new bound on the heights of the Fitting ideals of 
M. (Recall that with notation as in Lemma 2.1, the i th Fitting ideal Fitti(M) is 
In-iitp)-) His proof required R to be a regular affine domain over a field of charac- 
teristic 0, but using Lemma 2.1 we can remove this restriction and prove a stronger 
result. 

We deduce our theorem from a more precise version, giving an estimate for the 
heights of the generalized row ideals of tp: 

Theorem 3.1. Let R be a Noetherian universally catenary, locally equidimensional 
ring whose maximal ideals all have the same height. Let M be a finitely generated 
R-module such that Sym(M) is equidimensional. Lf P is a minimal prime of the 
generalized row ideal image(6i/?) of Lemma 1.1, then ht P < n + ht Q — ^q(M) for 
any prime Q C P. 

Informally one may state this result as: under the given hypothesis, the row 
ideals behave as though M had projective dimension 1. For the proof we need the 
next proposition. 

Proposition 3.2. Let R be a Noetherian universally catenary, locally equidimen- 
sional ring whose maximal ideals all have the same height. If A is a graded, equidi- 
mensional R-algebra, finitely generated by elements of positive degrees, and P C R 
is a prime ideal, then the maximal ideals of Ap that contract to P all have height 
equal to dim Ap. Moreover, Ap is equidimensional. 

Proof. We may write A = S/J, where S is a positively graded polynomial ring 
R[Ti, . . . , T n ] and J C S is a homogeneous ideal. 

We shall first show that J is height-unmixed. Let Q be a (necessarily homoge- 
neous) minimal prime of J. Since S is positively graded, J is homogeneous, and 
A is equidimensional, there exists a homogeneous maximal ideal M. of S such that 
ht M./Q = dim A As M is homogeneous, it has the form M = mS + S + where m 
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is a maximal ideal of R. Hence by our assumptions on R we have ht M. = dim R+n. 
Since Sm IS equidimensional and catenary, ht Q = ht M. — ht M./Q = dim R + n — 
dim A. 

As J is height-unmixed, Jp C Sp has the same property. Therefore Ap = Sp/Jp 
is equidimensional, because Sp is a catenary, equidimensional positively graded ring 
over a local ring and Jp is a homogeneous ideal. 

Next let M c S be maximal among the ideals of S that contract to P. Since Sm 
is equidimensional of dimension dim Rp + n and J is height-unmixed, we obtain 
dim Am = dim Sm ~ ht Jm = dim Rp + n — ht J. Hence all maximal ideals of 
contracting to P have the same height. On the other hand, taking M. = PS + S+, 
we have dim Ax = dim Ap, because Ap is positively graded over the local ring 
R P . m 

Proof of Theorem 3.1. By Proposition 3.2, 

dim Sym(M)(p ; r T ._ b ( T .)i) = dim Sym(M)p. 

On the other hand, the Huneke-Rossi dimension formula ([6, Theorem 2.6]) implies 
that 

dim Sym(M) P > dim(i?/Q)p + Hq{M). 
Now we can apply Lemma 2.1. ■ 

Here is our generalization of Kwieciiiski's Theorem: 

Theorem 3.3. Let R be a regular domain whose maximal ideals all have the same 
height. Let M be a finitely generated R-module such that Sym(M) is equidimen- 
sional. Let i be a positive integer. If P is a minimal prime ideal of the Fitting ideal 
Fittj_i(M) not containing Fittj(M) , then 

htP < i(i - rank(M)). 

Proof. By Proposition 2.2 the algebra Sym(M)p is again equidimensional, so we 
may replace R by Rp, and thus assume that i — /ip(M). Taking a free presentation 
of M as in Lemma 1.1, we must show that the ideal I\(}p) generated by the entries 
of a matrix representing ip has height < i(i — rank(M)). This ideal is the sum of 
the i ideals generated by the entries of the rows of a matrix representing ip. By 
Theorem 2.1 each of these ideals has height < i — rank(M). By Serre's Theorem 
([9, Theorem 3, p. V-18]) the heights of ideals in regular local rings are subadditive, 
and the desired inequality follows. ■ 
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The height estimate of Theorem 3.3 does not extend to the case in which 
^/Fittj_i(M) = ^/Fittj(M). For instance, if M is a complete intersection ideal 
in a regular local ring with n = fi(M) > 3 and i = 2, then ht Fittj_i(M) = n > 
2 = — rank(M)). Our next estimate explains and covers this situation. It refines 
Theorem 3.3 by adding a correction term for the case when the two Fitting ideals 
have the same radical. 

Theorem 3.4. Let R be a regular domain whose maximal ideals all have the same 
height. Let M be a finitely generated R-module such that Sym(M) is equidimen- 
sional. Let i > rank(M) be an integer. If P is a minimal prime ideal of the Fitting 
ideal Fittj_i(M), then 

htP < i(i - rank(M)) + Hp{M) - i. 

Proof. By Proposition 3.2 we may again replace R by Rp. For e = rank(M), n = 
H{M) and ip a matrix with n rows presenting M, we are going to prove that 
ht I n -i + i (if) < i(i — e) + n — i. 

We may assume that (tp) ^ 0. For n — i < j < n let <fj be the matrix 

consisting of the first j rows of tp and define 

t = min{j| I n _ i+1 (tp) C ^Jl n - i+1 {tpj)}. 

Obviously n — i + 1 < t < n. 

By Theorem 3.1 the t th row ideal Jt of tp has height at most n — e and hence by 
the definition of t, 

(*) ht I n - i+1 (tp) <n-e + htl n - i+1 (ipt-i). 

There exists a prime ideal Q with 7„_j + i(<^ t -i) C Q and I n -i+i{<Pt) <£ Q- Since 
I n -i+i{<Pt) C I n -i(tp t -i) we automatically have I n _i{tp t -\) <£. Q. Without changing 
I n -i+i{pt-i)Q we may therefore assume that over the ring Rq, 



In— i 









tp" 


















Is — n-\-i 



where n — i + 1 < s < n and tp' , tp" have n — s rows and entries in the maximal 
ideal of Rq . 
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The symmetric algebra of Coker(y') = Mq is equidimensional by Proposition 3.2, 
and therefore Theorem Theorem2.3 (or 3.1) yields htii (<//) < (n — s)(n — s — e). 
On the other hand, ht/i((/3") < ri(Ii(<p")) < (n — s)(s — n + i). As I n -i+i (ft-i)Q C 
h((p') + h((p"), inequality (*) implies ht/„_j + i(<^) < n — e + (n — s)(n — s — e) + 
(n — s)(s — n + i) < i(i — e) + n — i. ■ 
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